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Abstract 

It has previously been shown that a BRST quantization on an inner product space 
leads to physical states of the form 

|p/i) = e [ Q '%) 

where \<p) is either a trivially BRST invariant state which only depends on the matter 
variables, |0)i, or a solution of a Dirac quantization, | <^>) 2 - tp is a corresponding 
fcrmionic gauge fixing operator, ipi or tp2- We show here for abelian and nonabelian 
models that one may also choose a linear combination of tpi and ■02 for both choices 
of \<f>) except for a discrete set of relations between the coefficients. A general form of 
the coBRST charge operator is also determined and shown to be equal to such a ip 
for an allowed linear combination of -01 and ip2 ■ This means that the coBRST charge 
is always a good gauge fixing fermion. 
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1 Introduction. 



In a BRST quantization one starts from a BRST invariant theory defined on a non- 
degenerate inner product space, V, and projects out the BRST invariant states. Of 
particular interest are the BRST singlets, \s), which represent the true physical states 
(|s) S KerQ/ImQ). They may be chosen to be orthogonal to all unphysical states in V. 
In ref.Q it was shown that within the operator formulation of general BRST invariant 
theories with finite number of degrees of freedom the BRST singlet states on inner product 
spaces may be represented in the form 

\s) = e [Q '%) (1.1) 

where Q is the hermitian, nilpotent BRST charge, ip a hermitian fermionic gauge fixing 
operator and \<f>) a BRST invariant state vector which does not belong to an inner product 
space. More precisely it was shown that there exist two sets of hermitian operators each 
consisting of BRST doublets in involution, i.e. we have 

D (l)r = J = 1,2 (1.2) 

where (discarding factors of i) 

B(i)i = [Q, Cq^] (1.3) 

which satisfy 

[D {l)r , D (l)s ] = K^jD^ = D^K^l, 1 = 1,2 (1.4) 

(We use graded commutators ||].) In addition, these sets also satisfy the condition 

[D^y, -D(2) s ] is an invertible matrix operator. (1-5) 

The doublets ( |1.2[ ) determine two equivalent forms of formula ( |l.ip , namely 

|s) l = eW»^|0), J 1 = 1,2 (1.6) 

where the states \<fi)i satisfy the conditions 

Z> ( , )r |0>, = 0, 1 = 1,2 (1.7) 

which are consistent due to (1.4), and which always imply that \4>)i are BRST invariant. 
For the states |s); we have then 

D{ l)r \s)i = 0, 1 = 1,2 (1.8) 

where 

D ' (l) = e {QM D{i)e ~{QM (! 9 ) 

If 

[D'ny, (D'^ s )^] is an invertible matrix operator (1-10) 
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then D'yy and (DL)i constitute BRST quartets and \s)i are singlet states due to the 
quartet mechanism pi H|. Condition (1.10) determines the allowed class of hermitian 



gauge fixing fermions ipi in (|l.6| ). In |Q] it was shown that an allowed choice is 



^ = C$ a C$>, ^ = C® a C$> (1.11) 



where C^ a and C^" 1 are the bosons and fermions respectively of the C-operators in the 
BRST doublets (1.2) which are assumed to commute in ( 1.11| ). (Notice that the condition 



( |1.5| ) requires the C-operators to consist of equally many bosons and fermions.) 

When these results were applied to general, both irreducible and reducible gauge the- 
ories of arbitrary rank within the BFV formulation in ||] it was shown that there always 
exists a rather simple representation of the two sets of BRST doublets Dn\ which makes 
( |l.7| ) simple to solve. For instance, for an arbitrary irreducible gauge theory we have the 
BFV-BRST charge operator 

Q = c a e a + v a iT a + ... (i.i2) 

where C a are ghost operators, V a conjugate momenta to the antighosts C a , and n a the 
conjugate momenta to the Lagrange multipliers v a . 9 a are the gauge generators which 
are in involution. The dots in ( |1.12[ ) represent terms involving the ghosts C a and their 
conjugate momenta V a - They are determined by the condition Q 2 = and the precise form 
of the commutator [9 a ,9b] (see e.g. refs [||, ||). (For abelian gauge theories, [9 a ,9b] = 0, 
the first two terms in ( |1.12| ) are sufficient.) In this case the BRST doublets, Dn\, are 
naturally given by (apart from factors of i) |Q] 

D(l) ={X a ,[Q,X a };C a ,7Ta} 

D {2) = {v a ,V a ;V a ,[Q,V a } = 9 a + . . .} (1.13) 
where \ a are gauge fixing conditions to 9 a which are required to be in involution. Con- 



ditions ( |l.7| ) imply then that \4>)i is a ghost fixed state which does not depend on the 
Lagrange multipliers and the gauge generators, while \4>)2 satisfies a Dirac quantization 
apart from also being a ghost fixed state which does not depend on the Lagrange multi- 
pliers. The corresponding gauge fixing fermions may be chosen to be 

^l=TaV a , ^2=C aX a (1.14) 

One may notice that the two singlets 

| S ), = e W'^|0),, Z = l,2 (1.15) 
are BRST invariant states even if \<f>)i does not satisfy the following gauge fixing conditions 

X a |0)i = O, ^} 2 = (1.16) 



In ref.|, |, §] the expressions (|1.15| ) without the conditions ( |1.16| ) were obtained by means 



of a bigrading in the case when the gauge group is a general Lie group. 

In this paper we present two generalizations of the results of refs |l|, |6|, [?], ||. First 
we consider the possibility to generalize the form of the gauge fixing fermions ( 1.14| ). 



Remember that in the conventional treatment of the BFV-theory the gauge fixing fermions, 
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which there enter into the Hamiltonians, are usually chosen to be a linear combination of 
ipi and ip2 in ( P--14j) (see e.g. ref. ||]). Since these gauge fixing fermions are equal to ours 
apart from a multiplicative time parameter according to ref.Q we should also be able to 
use gauge fixing fermions which are linear combinations of ipi and ip2 in ( |1.15|). Indeed, 
in sections 3 and 6 we prove for abelian respectively nonabelian models that ([O]) are still 
singlet states as well as inner product states when ipi is an arbitrary linear combination 



of those in ( 1.11 ) and when \(f))i satisfy (|l.7|) except for a discrete set of relations between 



the coefficients of ip\ and ■02- 

The second subject of this paper concerns the role of coBRST invariance in the above 
construction. In ref [lj it was suggested that the coBRST charge operator, *Q, should 
provide for a more invariant formulation. Indeed, the conditions 

Q\s) = *Q\s) = (1.17) 

do project out singlet states from an original nondegenerate inner product space V [||, [R], 
11, |l2fl . The coBRST charge is defined by 

*Q^vQv (1-18) 

where r] is a hermitian metric operator which maps the original state space V onto a 
Hilbert space. It satisfies 

(u\r]\u) > 0, V|u) G V, rj 2 = 1 

((u\r]\u) = ^ \u) = 0) (1.19) 

The coBRST charge *Q is simply the hermitian conjugate of Q in this Hilbert space. 
Notice that *Q is also nilpotent. In terms of the coBRST charge we have the Hodge 
decomposition, which means that any state \u) £ V may uniquely be written as 

\u) = \s) + Q\ Ul )+ *Q\u 2 ), (1.20) 



where the singlet states \s) are determined by (1.17) or equivalently 



A|s> = 0, A=[Q,*Q] (1.21) 

(see e.g. |l2|]). One may also show that every state in the non-physical space can be written 
as a linear combination of eigenstates of the A operator. The eigenvalues corresponding 
to these eigenstates are positive real numbers. (A is hermitian in the Hilbert space: 
*A = r/Ar] = A.) 

In section 2 we summarize known results for abelian models and in section 3 we derive 



the conditions for singlet states of the form (1.6) with generalized gauge fixing fermions. In 



section 4 we connect the form fll.q ) with a general Fock space construction, and in section 
5 we construct r\ and the coBRST charge *Q for the simple abelian model of sections 2 and 
3. The BFV form of *Q turns out to have the form of an allowed gauge fixing fermion tp. 
The relation between the gauge fixing fermion in ( |1.6| ) and the coBRST charge operator 
that annihilates this state is also given. In section 6 these results are generalized to a 
class of nonabelian models. In section 7 we then summarize our results and give some 
concluding remarks. In three appendices we give proofs of formulas and some unitary 
transformations used in the text. 



3 



2 A simple abelian model 



In the following we shall make extensive use of a very simple abelian model whose hermitian 
BRST charge operator is given by 

Q = C a Pa + P a 7T a (2.1) 

where p a and n a are hermitian conjugate momenta to the hermitian coordinates x a and 
v a respectively, and C a and P a are hermitian fermionic operators conjugate to V a and C a 
respectively. The index a = 1, . . . ,n < oo is assumed to be raised and lowered by a real 
symmetric metric g ab . The fundamental nonzero commutators are 

[x a ,p a ].=i5 a b , [v\M-=i5 a b , [C a ,V b ] + = 5 a b , [C\P h ] + = 5 a b (2.2) 



One may think of Q2.1|) as the BRST charge operator of an abelian bosonic gauge theory 
where p a are the gauge generators, v a the Lagrange multipliers, and C a and C a the ghosts 
and antighosts respectively. Alternatively one may view it as the BRST charge of a 
fermionic gauge theory with bosonic ghosts p a and antighosts v a , or a mixture of these 
two interpretations. 

Applying the rules of ref . yj as described in the introduction we find here the two dual 
sets Dm in (|L~2|) to be given by (cf ( |1.13| )) 

D (1)r = {x a ,C a ,C a ,7r a }, D {2)r = {v a ,P a ,V a ,p a } (2.3) 

which obviously satisfy ( |1.4| ) and ( |1.5| ). Thus, we obtain the singlet states 

\s) l = e^\ct>) h 1 = 1,2 (2.4) 

where we may e.g. choose the gauge fermions 

ij 1 = aV a v a , i) 2 = PC a x a (2.5) 

for arbitrary finite nonzero real constants a and /3, and where |</>)i and \<p)2 satisfy 

a? a |^)i = C»i = C a \<j ) ) l = 7r a |$i = 

v a \&2 = P a \4>h = V a \$) 2 = p a \(f>)2 = (2.6) 



A more general allowed choice than ( |2.5D is 

^=V a T ah v\ ^ 2 =C a S ab x b (2.7) 

where T ab and S ab are real, invertible matrices. 
For ( |2.5| ) the conditions ( |2.6| ) imply 

^(i)!^ 1 = °' ^(2)l s >2 = (2.8) 

where 

D (l) = {x a + iav a ,C a + iaP a ,C a - iaV a ,TT a - iap a } 

D[ 2) = {v a + i(3x a ,P a + i(3C a ,V a - ipC aiPa - i[37r a } (2.9) 
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If a and are different from zero and finite in ( |2.5| ), the condition ( |1.10| ) is satisfied, i.e. 
we have that [I)'™, (D'rn s ) ] is an invertible matrix operator for both I = 1 and I = 2 and 
\s)i are singlet states. They are then also inner product states: In it was explicitly 
shown that z(s|s)z = i{cj)\e 2 ^'^\(f))i are finite for the above model if a and [5 are finite and 



non-zero. In fact, for the more general choice (2/7) we have 

i( s l s )l 



det T , , , det S „ 

A, 2 {s\s) 2 = , , . „, B 



I det Tl 



det S\ 



(2.10) 



where A and B are finite expressions. (Thus, if a or j3 is zero or infinite in (2.5) we have 
the badly defined expressions (s|s) = 0/0 or (s\s) = oo/oo!) 



3 Generalized gauge fixing for the abelian model 



Here we investigate under what conditions states of the form 



\s)i 



1 = 1,2 



(3.1) 



are singlet states for the abelian model where the gauge fixing fermion tp is a linear 
combination of those in ( |2.5| ), i.e. 

(3.2) 
Thus, (|3~1 



i> = aV a v a + (5C a x a 

(The states \4>)\ and \<j>)2 are still required to satisfy the conditions in 
is a generalization of (|2.4D. The conditions (p.6|) imply now 



D( 0p |a> l = ) Z = 1,2 



where -D^ is given by 



D' (l) = e ^D {l) e-^ 



For a/3 > we find Dj^ to contain 



x' a = e [ ( 3^] x a e-[ Q '^ = x a cos v/aT? + ira 



c /a = e [Q^] C a e -[Q,^] = £a CQg + 
= e [Q ^ ] C a e- [Q ^ ] = C a cos - iaV a 



a sin 

„ sin -v/a/? 



7T , 



7r a cos \faf3 — iap a 



a/3 
sin y/a/3 

sin^/a/3 



/a/5" 



and £>; 



(2)r 



a siny / a^ 
, sin yfaf3 



p'a = e [QMpa e l~QM = pa cQg ^ + ^ 



faf3 

V' a = eVMr a e-VM = V a cos yffi - i{3C a ^f 

yap 

sin y/af3 



Pa = e 



[Q^]p ae -IQM = pa cos _ 



\faf3 



(3.3) 
(3.4) 



(3.5) 



(3.6) 
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For aft < we get the same expressions with the replacements 



cos 



'aft — > cosh y/—af3, 



sin ^faft sinh yj—aft 



fa/3 



yj-aft 



In order to satisfy ( 1.1C| ) we must have 



[x' a ,{^]- and [C' a ,(C' b ) j ]- are invertible 



for DLy, and 



[« B ,(pi) t ] + and [P' a ,(rtf] 



are invertible 



(3.7) 



(3.8) 



(3.9) 



for D / 2 j r . For (3.5) and Q3,6| ) we find explicitly 



[f ".(Pi) 



-a- 



sin 2^faft a 



-ft 



aft 
sm2^/aft 



51 [C'\{Ctf\-=ia 



sm.2^/aft a 



aft 



/aft 



5 a b , [P a ,(Vtf] 



sm2y/aft 
l P 7=5— b b 



'aft 



(3.10) 



Thus, for aft > eq. Q3.8j ) is satisfied provided a/0 and \faft 7^ where n is a positive 
integer, and eq. (|3.9|) is satisfied provided ft 7^ and \faft 7^ n|. For aft < we have to 
make the replacement ( [3.7D on the right-hand sides of ( 3.10| ). This implies that ( |3.8| ) and 
(|3.G|) are then satisfied for a / and ft 7^ respectively. This is true even in the limit 



aft — * in which case (3J3) and (|3.6|) reduce to (]2 

We conclude that \s) = e^'^\4>) are singlet states for the gauge fixing (|3.2|) provided 
a 7^ (ft 7^ 0) when |</>) is chosen to satisfy the conditions of \<f>)i ( 1 0) 2 ) i n J2.6|) . In 
addition, we must have 7^ for any positive integer n when aft > 0. In the path 
integral formulation the conditions on \<f>) correspond to a choice of boundary conditions 
||. Thus, when a / 0, ft 7^ and \faft / one may choose any of the two sets of 
conditions in (|2,6|) as boundary conditions. 



It remains to investigate under which conditions the states ( |3.l|) have finite norms. Let 
us write 



| s ) J = e «*i+0*»|0) { , i = 1>2 

where we have introduced the hermitian operators 

Ki = [Q,V a v a )=v a Pa + iV a P a 
K 2 = [Q,C a x a ]=x a 7T a + iC a C a 

If we in addition introduce the hermitian operator K 3 defined by 

Pa X a - iV a C a - iP a C a ) = 

x a Pa + iC a V a + iC a P a ) 

we find that the algebra of the Ki operators are closed and given by 

[K 1 ,K 2 ) = -2iK 3 , [K 1 ,K 3 ] = iK 1 , [K 2 ,K 3 ] = -iK 2 



(3.11) 



(3.12) 



K 3 = i±[K 1 ,K 2 ]- = ±(v a n a 



1 



[TT n V 



(3.13) 



(3.14) 
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This is an SL(2,R) algebra. (By means of the identification <pi = l/2(i^2 — K\), 



1/2{K\ + K2), 03 = K3 we obtain the standard SL(2,R) algebra [4>i,4>j] = ie^fa with 



the metric Diag(??jj) = (— 1, +1, +1).) By means of the properties 

K 2 \4>)i = K x \<t>) 2 = iT 3 |0)i = K^) 2 = (3.15) 

it is then straight-forward to derive the following relations (a proof is given in appendix 
A) 

| s ) 1=e ^iW2|^ 1 = e a'tf 1 |^ l) | s ) 2 = e ^i+/^2|^ 2 = e /^2|^ 2 ( 3 _ 16 ) 

where 

, tan Jafi , tan yfafi 

a =a : — ^ , p = p == (3-17) 



/a/3 yfa[3 



for a(3 > and 



, tanhV-a/^ a , tanh y/-af3 
a = a , — , p =p — (3.18) 



y/—a(3 ' yJ—ajH 
for a(3 < 0. Indeed (|3.5|) and (|3.6|) are equivalent to (|2.9|) with a and /3 replaced by a' and 



/?'. Prom (3.16) it follows that provided a' and /?' are non-zero and finite |s)i and \s)2 are 
well defined inner product states. The conditions for this are identical to the conditions 
from ( |3.10D for \s)% and |s)2 to be singlet states. Thus, as soon as \s) is a singlet state it 
is also an inner product state, and vice versa. 



4 Fock space representation of the singlet states 

In order to acquire a deeper understanding of the results of section 3 we construct here a 
general Fock like representation of the singlet states for the simple abelian model presented 
in section 2. For this purpose we introduce the complex covariant bosonic operators 

4> a = ap a + 6vr a , i a = cv a + dx a (4.1) 

where a, b, c and d are complex constants. We require then 

= 0, = % (4.2) 

from which we find 

ia ib 



ab* — a*b a*b — ab* 

Similarly we introduce the complex fermionic operators 

P a = eC a + fP a , k a = gV a + hC a (4.4) 

The conditions 

[ P a ,k b ]+ = 0, [p a ,kl]+ = St (4.5) 
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require here 

We demand now that the BRST charge (2.1) must be possible to write as 

Q = p a Ua+^ aP a (4.7) 

The reason is that a Q of this form requires the BRST invariant states, which contain the 
singlet states, to satisfy the simple conditions 

<t>a\ph) = P a \ph) = (4.8) 

or 

4>\\ph) = P aj \ph) =0 (4.9) 
For ( |4.1| ) and fl4.4| ) the form (|4.7| ) leads to the additional condition 

h , / = irrVr (4-10) 



ba* — b*a b*a — ba* 

which when inserted into ( [4.6[ ) implies 

g = a, h = b (4.11) 

Our complex operators may then be expressed in terms of only two arbitrary constants a 
and b which are nonzero and subjected to the condition b*a — ba* ^ 0. 



The corresponding singlet states to the physical states in ( p~q ) and ( |4.9[ ) satisfy 

o |a) = p a \s) = k a \s) = e \s) = (4.12) 

or 

ti\s) = p^\s) = ki\s)=e f \s)=0 (4.13) 

where the operators 4> a , p a , k a , £ a , 0T, p a \ fcj, £ a t constitute two sets of BRST quartets: 
(<^o) &a) an d (<f>' a , £, /f a , fcj). If there are no other variables in the theory \s) is 

just a vacuum state and all the variables of the theory are unphysical. 

The question is now whether or not the "vacuum" state |s) defined by (fyj) or fl£Iap 



is normalizable. In order to investigate this we make a transition to a wave function 
representation ip s (C,C,x,v) = (C,C,x,v\s) where C a , C a , x a and v a are the eigenvalues of 
the corresponding operators. The conditions ( f4,12| ) imply then 

= {C,C,x,v\<f> a \s) = -i la— + b—j i/> t (C,C,x,v) 

= (C,C,x,v\C\s) = (cv a + dx a )^ s (C,C,x,v) (4.14) 

= (C,C,x,v\p a \s) = (eC a + f-^V\ MC,C,x,v) 

= (C,C,x,v\k a \s) = [o--^ + bCa^j ip s (C,C,x,v) (4.15) 
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Obviously these conditions allow for solutions of the form ip s (C,C,x,v) = ip s (C,C)tp s (x,v) 
where (4.14) determines ip a (x,v) and ( [4.15 ) ip s (C,C). The solution of Q4.14| ) is 



ijj s (x, v) oc 5 n (v H — x) 
c 



(4.16) 



Now the argument of the delta function must be real. If e.g. v a and x a have real eigenvalues 
then 



e d 



b 
a 



must be real. However, in this case we find 



(s\s) oc J d n xd n v (s n ( v + ~x)y 



DC 



(4.17) 



(4.18) 



On the other hand if one of the eigenvalues are imaginary we get a finite result: Let e.g. 
x a have imaginary eigenvalues iu a . The corresponding eigenstates to x a satisfy then the 
relations [13, 14] 



x a \iu) = iu a \iu), ( — iu\ = [\iu)y 
(iu'\iu) = 5 m (u' - u), / d n u\ -iu}{ — iu\ 



d n u\iu)(iu\ 



(4.19) 



which implies (in this case the ratio (|4.17| ) must be imaginary in order for the argument 
of the delta function ( f4.16| ) to be real) 



(s\s) oc / d n ud n vi()*(—iu,v)ip s (iu,v) 



d n ud n vS n {v - i-u)S n {v + i-u) 
c c 



c 

2d. 



< CO 



(4.20) 



Similarly it follows that the bosonic part of (s\s) is infinite when both x a and v a have 
imaginary eigenvalues, and that it is finite also when x a is real and v a imaginary. For 
the fermionic part we get on the other hand zero for ( 4.17D real, and finite when it is 
imaginary. The same results are obtained if we use ( [4.13 ) in Q4.14p and Q4.15 ). 

To conclude we have found that (s\s) is only well defined and finite when 



e d 



b 
a 



-ir 



(4.21) 



where r is a real constant which is finite and different from zero. In this case our complex 
operators have the form 



i>a = <Pa + im a ), e = ^{ix a - -v a ) 

2a* r 

J-(C a + i-P a ), k a = a(V a + irC a ) 
2a* r 



P 



(4.22) 



Notice that if r is imaginary the complex operators (4.22) are essentially hermitian which 
is the reason why we found an undefined expression for (s\s) in this case. ( \s) is then not 
a well defined inner product state but rather a state like \4>) in sections 2 and 3.) 
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That either x a or v a should be chosen to have imaginary eigenvalues was one of the 
basic quantization rules found in j/J. The basic reason for this is that the complex bosonic 
operators <f> a and £ a span a Fock space with half positive and half indefinite metric states 
(see section 5). 



We end this section by constructing a representation of \s) in the form (3.1), i.e. 

|s) = e W.%) (4.23) 

where ip is a gauge fixing fermion of the form Q3.2| ), and where \<p) satisfies one of the 
conditions in ( [2,6| ) for \(p)i or \(f))2- We notice then that for afi > ( [4.12 ) implies 



(4.24) 



where 



'afi 



-[QMp a e [QM 



>— 5 ff sin y/afi 
+irair a {cos v ap H -==—) 



r yjap 

1 . f3&va.y/aj3 

- — ix (cos \J afi -\ / — n ) ~ 

2a* r vap 

1 . ^-^ sin y/a/3 

v (cos \Jafi — ar — j 

2ra* ' 



afi 
f 

sin yjafi 



— (cos + =-) + 

2a* r \Jafi 

+i P a (cos \JaB — ar — . 

2ra* 



= e -[Q^A; eW^ = aP a (cos yfcp - ar^^P) + 

\Jafi 

P sin V 1 afi 



+iraC a (cos \/a(i + 



r \Jaf3 

Hence, if \cf>) satisfies the condition for \<p)i in (2.6) then ( 4.25|) requires 

\Ja/3 

r = — - 

a tan \J ap 

If on the other hand \<f>) satisfies the condition for \4>)2 i n (|2.6| ) then ( 4.25| ) requires 

fi tan \J~afi 
\Ja/3 



(4.25) 



(4.26) 



(4.27) 



For afi < we have to make use of the replacement ( |3.7p in (4.25). We find then corre- 
spondingly 



\J-af3 



and 



a tanh \J—af3 

fi tanh V '—afi 
\J-afi 



(4.28) 



(4.29) 
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Since r = 1/a' for \4>)\ and r = —(3 1 for \(f>)2 where a' and (5 1 are given by (3.17) or 
( p. 18 ) we notice that a finite nonzero r in ( 4.22| ) exactly excludes those values of a and (3 
for which the representation ( [4.23| ) is not a singlet state and not an inner product state, 
i.e. the conditions found in section 3. Notice also that to every consistent choice of a and 
j3 there is a corresponding r and vice versa. However, there does not exist any choice of a 
and (3 for a given r for which ( }4.12| ) or Q4.13|) i n the representation (4.22) allows for both 
choices of "boundary" conditions of \4>) in fl2.6|). 

Finally, one may notice that the expressions ([T^) or ( |3.6| ) are essentially obtained when 
( |4.26|) or ([4.271) is inserted into (|4.22j ). In particular yields r = 1/a and r = -(3 in Q4.22j ) 
essentially the two sets in (|2.9|). 



5 The coBRST charge for the simple abelian model 



In order to construct a general coBRST charge operator for the simple abelian model of 
section 2 using the definition ( |1.18| ) we need to construct the metric operator 7] in ( |1.19| ). 
This in turn requires us to diagonalize the oscillators </>, £, p and k in ( 4.22j ). Starting 
from a general linear ansatz we find the following expressions for diagonalized oscillators 
(suppressing indices) 



a = R- 1 (f + M</>) , b = UR- 1 ^ - MV) 
A = S- 1 (p + Nk), B = VS~ 1 (p — N^k) 



(5.1) 



They satisfy the commutator algebra (the non-zero part) 



[a a ,al\- 



Sab, [b a ,bl]- = 
= 8 ab , [B a , b\\. 



Sab, [a a ,b\]- = 



-Sab, 



[Aa,Bl] 







(5.2) 



In ( ^.1| ) the vector operators a, b, A, B, <j> and k have lower indices while £ and p have 
upper ones. U and V are arbitrary unitary matrices and R, S, M and N are arbitrary 
complex invertible matrices. However, the hermitian parts of M and N are determined 
by R and S through the relations 

M + M ] = RR\ N + N ] = SS ] (5.3) 

Hence, the hermitian parts of M and N are strictly positive. The oscillators in ( |5.1| ) are 
obviously noncovariant in general (except when the metric that raises and lowers indices 
is euclidean i.e. g a b = ±<5 a &)- 

The metric operator r\ has now the form 



V = VBVF 



(5.4) 



where Jli] 



which imply 



7 ?B = exp(ivr^6t6 a ), VF = J[ (1 + 2B\B a ) 

0=1 



0=1 



(5.5) 



rjbaV = ~b a , VBaV = ~B a 



(5.6) 
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For the original oscillators £, <fi, p and k this implies using ( |5,1|) (notice that Aft(M + 
AftJ^Af = M(M + Aft) -1 Aft and Aft (AT + N^N = N(N + N^)' 1 ^) 

r]£r] = (Aft - M)(M + M 1 ")" 1 ^ + 2M(M + Aft^M^ 
7707? = 2(M + M 1 ")" 1 ^ + (M + Af t )- 1 (AT - M f )0 
rjpr? = (Art _ N ^ N + jyt)-^ + 2N(N + N^N^k 

r/fcr/ = 2{N + A^)" 1 /) + (N + JVt) _1 (iV - AT 1 ")*; (5.7) 

Remarkably enough these expressions do not involve the matrices R, S, U and V in ( |5.1| ). 
All arbitrariness lies in the matrices Af and A^ which partly are determined by R and 5 
through the relations (5.3). 

Formula (1.18) yields now the general coBRST charge operator 

*Q = vQV = V(p aj <t>a + <p j aP a )V = 

= Ak^N(N + N^N^M + M^y 1 £ + 
+4£ f (M + M ] Y l N(N + N ] Y 1 N ] k + 
+p\N + N^y\N - N*)(M + M*)~ X {M - M ] )(j) + 
+0 t (M t - M)(M + Aft) -1 ^ - N){N + N^p + 
+2p\N + N^)~ 1 (N - N ] )(M + Aft)- 1 ^ + 
+2^t(Af + M t )- 1 (ATt - N)(N + N*)~ 1 p + 
+2k^N{N + N^y 1 N\M + Af t )- 1 (Af - Aft)<£ + 
+2</> t (Af t - Af)(M + M^^NiN + Aft)" 1 ^ 



(5.8) 



This expression satisfies 



where 



A = [Q,*Q] + = [Q,tfN'(M')- 1 S + g(M')- 1 N'k] = 

= ^N'iM'y 1 ^ + k^N'(M'y l p + P \M'y l N'k + ^(a/t 1 ^ 
= iN'{M'y l <y - P N'{M'y l tf - k(M'y l N' P i + ^(M'y 1 ^^ 



Af ' = - (m + Af t) , jV' = 2N(Ar + ATt)- 1 ^ 



(5.9) 



(5.10) 



The properties of the matrices Af and A^ require Af' and N' to be invertible. As a 
consequence A|s) = imply ( 4.1 2| ) or Q4.13] ), which is also a consequence of Q\s) = 
*Q\s) = (see e.g. [fT2]]). The original state space, V, is spanned by eigenstates to A with 
positive integers as eigenvalues. (This is at least true when Af' and N' commute.) This 
leads to the Hodge decomposition (|1.20p (see e.g. p2|). 



Since only the first two terms in ( |5.8| ) contribute to the commutator (5.9), it is natural, 
and always allowed, to choose the matrices Af and A" to be hermitian, in which case (|5.8|) 
reduces to 



(5.11) 



and (| 



becomes 



7?£t? = M(f), rj<prj = M £, r\pr} = ATA;, r/Zcr/ = N 1 p 



(5.12) 
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If we furthermore choose N = AM where A is a real positive constant then *Q acquires 
the covariant form 



>Q = \(kie+^ a k a 



(5.13) 



Such expressions for coBRST are given in the literature (see e.g. ref . fl lj| ) . 

By means of (4.22) the expression ( |5.13| ) may be rewritten in terms of the original 
variables. We find then 



Q = A I rC a x a - -V a v a 



(5.14) 



where r is the real constant in ( 4.22 ). Such an expression for the coBRST charge seems 
not to have been given before. It differs e.g. from the suggestion given in pj. 

The expression ( [5.14D when compared with (3.2) shows that the coBRST charge in 
this case may be viewed as a fermionic gauge fixing variable. This is very natural since 
both tp and *Q have to do with gauge fixing. In fact, if ip in the representation ( |3.1|) is 
chosen to be the coBRST charge (5.14) we find the expressions ( |3. 16 ) with 



a 



-— tanh A, 

r 



/3' = r tanh A 



(5.15) 



Thus, a! and 0' are then finite and non-zero for any finite and non-zero r and A in ( |5.14| ), 
which means that ( |5.14| ) is always a good gauge fixing fermion. 

It is natural to expect that also the more general expressions Q or (|5TTll ) should be 
possible to use as a gauge fixing fermion. In terms of the original variables (5.11) becomes 



*Q 



1 



rC a T ab x b - -V a T ab v b + C a L ab v b + V a L ab x b 
r 



(5.16) 



where T ab , L ab are real matrices and T ab is invertible. (If NM 1 in ( |5.11| ) is real then 
L = and T = NM~ l .) Notice that the parameter r is related to the choice of oscillator 
basis and the matrices T ab , L ab to the choice of diagonal representation of this oscillator 
basis, r is more important since it is related to the choice of vacuum. Anyway, if ( 5.16j ) is 
chosen to be a gauge fixing fermion, then we find 



[Q, *Q] = A{T)+B{L) 



(5.17) 



where 



A(T) 



rTT a T ab x b 



- T VaT ab v b + irC a T ab C b - i^V a T ab P b , 
B{L) = ir a L ab v b + Pa L ab x b + iC a L ab V b + iV a L ab C b 



We notice now that B(L) satisfies 

B{L)\<j>) l = B{L)\<t>), 

and that 

[A(T),B(L)} + = 



(5.18) 



(5.19) 



(5.20) 
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if the matrices T and L commute. In this latter case we find therefore 



e W.'«W> l = e A CT)u> I = c B.*]u> I 



where 



ij> = rC a T ab x b - -V a T ao v 
r 



ab„,b 



which should be an allowed form in general since it is a linear combination of 
condition ( ^.20 ) on the matrices T and L can probably be weakened.) 



(5.21) 

(5.22) 
>3). (The 



6 Generalizations to nonabelian theories 

So far we have only performed a detailed analysis of simple abelian models. In order to 
demonstrate that our results are not special properties of such models in this section we 
shall consider the class of nonabelian models in which the gauge group is a general Lie 
group. Within the corresponding BRST invariant models the standard BFV-BRST charge 
is given by (a, b, c = 1, . . . , n < oo)[fL5f| 

Q = 9 a C a - Uu bc a V a C b C c - Uu ab b C a + V a ir a (6.1) 

where 9 a are the hermitian bosonic gauge generators (constraints) satisfying 

[B a ,6 b ]- =iU ab c 9 c (6.2) 

where U ab c are the real structure constants. In direct analogy with what we had for the 
abelian models we propose now the following singlet representation for models invariant 
under ( |Q| ) 

| s ) i = e B%) Zj I = 1,2 (6.3) 

where the gauge fixing fermion ip is given by 

V> = aV a v a + (3C a x a (6.4) 

where in turn the gauge fixing variables x a are chosen such that they commute with all 
variables except the constraints 9 a and satisfy the conditions 

\x a ,x b }=0, [x a ,e b ]=iM a b (6.5) 

where M a b is an invertible matrix operator. \<p)i and |</>}2 satisfy here 

X a |</»)i = C a |0)i = C a \<i>)i = TTal^x = 

v a \4>) 2 = v a \4>)2 = Va^h = [e a + ihjj} \<p) 2 = o (6.6) 

Notice that only the last conditions on \<fi)2 differ from fl2.6j ). (U ab b = for unimodular 
gauge groups as in e.g. Yang-Mills.) The new conditions follow from the fact that 

[Q, V a ] =0 a + 0*\ Of = i l -U ab c {p c C b - C b V c ) (6.7) 
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and 



[Q,V a 



As in section 3 we write now ([T^) in the following form 

\ s)l = e aK 1+ (3K 2](f))h l = l2 

where now the hermitian operators K\ and K 2 are given by 

K X = [Q,VaV a ] = {9 a + et)v a + iV a V a 

K 2 = [Q,C a x a ] = x a 7r a + iC a C b M\ 
(cf fl3.12|) ). In addition, we introduce the hermitian operator K 3 defined by 



(6. 



(6.£ 



(6.10) 



K 3 = i±[K u K 2 ] 



1 



n a M a b v b - (9 a + Qf )x a ) + 



+]- (iC a M\P b - iV a M\C h - C a C b v c [d b , M a c 



In obtaining the last equality we have made use of the Jacoby identities 

U cb d M a d = i[9 b ,M a c ]-i[6 c ,M a b ] 

We notice the properties 

K 2 |0>! = Ki|0> 2 = K^h = K^) 2 = 



(6.11) 



(6.12) 



(6.13) 



which are identical to (|3.15| ) which we had in the abelian case. However, in distinction 
to what we had there the Ki operators ( |6.10| )-( |6.11| ) do not satisfy a closed commutator 
algebra. On the other hand, in appendix C it is shown that 



[K 2 ,K 3 



-iK 2 , [K t ,Ki 



iK 



1 9 1, 



(6.14) 



provided x a are chosen to be canonical coordinates on the group manifold. {M a b depends 
then only on x a .) In fact, in this case Ki satisfy effectively an SL(2,R) algebra on \<j))i 
and it is straight-forward to derive the relations (see appendix C) 



si 



aK x +SiK2\ 



where 



a = a- 



tan y/aft 
/a/3 ' 



for a/3 > and 



a = a 



tanh y 7 — a/3 



/?' = /? 



tan 
\fu/3 



tanh yj—afi 
y/—a/3 



(6.15) 



(6.16) 



(6.17) 



for a/3 < 0. Eqs.(|6l^)-(|6T7D are identical to (p^)-(|3l^) in the abelian case! The 
conditions for |s)i and \s) 2 to be inner product states should, therefore, be identical to 
the ones obtained in section 3 i.e. a' ^ and f3' ^ respectively. Notice, however, that 
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there exists no general proof that \s)i = e a ' Kl \(f>)i and 1 3)2 = e@' K2 \(f))2 are inner product 
states in the nonabelian case although this is expected to be the case (see refs.0, ||, p| ] 
and below). 



From the conditions ( p.6|) on \(f>)i we may derive the conditions satisfied by \s)i and 
\s}2 corresponding to ( |4.12| ) in the abelian case. If we restrict ourselves to the case when 
x a are canonical coordinates on the group manifold then eq.( |6.15| ) is valid and we have 



where 





x' a \s)i = 


C a \s)i = 


= C»i=<l*>i = 






V" a \s) 2 = 


P" a \s}2 


= Va\sh=(e: + i\u ab b ^ 


|*>2=0 


x' a 


= e a ' Kl x a e 


-a'Kx _ 


e a>8 a v" x a e -a>8 a v° _ f a^ 


—ia'v) 




= e a ' Kl C a e 


-a'K x _ 


A a b (-ia'v)C b - ia'{M~ l 


)\{-ia'v)V b 




= e a ' Kl C a e~ 


-a'K 1 _ 


C a + ia'(M- l ) a b (ia'v)V b 




< 


= e a ' Kl 7r a e- 


-a'Ki _ 


K a + ia'{M- l ) b a (ia'v) (6 





(6.18) 



-a'^- d {M- l Y a {ia'v)V c f d (6.19) 

v "a _ e P'K 2v a e -P'K 2 = y a _ ^ 

p"a = e (3'K 2 pa e -/3'K 2 = pa _ C b M\{ X ) 

K = eP' K2 V a e-P' K2 =V a + i(3'C b M b a (x) 

e >> = e P'K 29ae -(S'K 2 =0a + ip 'c b C c [M b c (x),9 a ] (6.20) 

Notice that f a (x, —ia'v) are also canonical coordinates on the group manifold obtained by 
two successive transformations, one with coordinates x a and one with —ia'v a . A a b (—ia'v) = 
(M~ 1 ) a c (ia'v)M c b (—ia'v) is the adjoint matrix representation of the group. Some prop- 
erties of the matrices M a b are given in appendix C. In deriving ( |6.19| ) we have made use 
of the relation 



a'Kj = ia\M- 1 ) a b (ia'v)Va'P b a > (8 a +e 3 a h )v a 



(6.21) 



which may be obtained from ref.|l6|]. The expressions for C' a and ir' a were also obtained 
in [pj (formulas (4.5) and (4.8)). One may notice that (|T|) and f[2(])_ are nonlinear in 
distinction to the linear expressions ( |2.9[) in the abelian case. From 7 1091) and (|6T20|) it 
follows now that 

r 'a , / \ +n / f 9 f a (x , —iot ' v) , i , . , , , i.„ . . . . 9 f ° (x, — ia'v) 

[X ' W) ] = a { V-^t;) 6 + c(x)( } U) 5^ 

[C' a , (<? 6 )t] = -^'(M" 1 )^-^) (5? + A\{-ia'v)) (6.22) 



and 



v "« (^)t] = >M a b (x), [P" a , (V^} = -U0M\{x) (6.23) 



Since one may easily convince oneself that the matrices on the right-hand sides of ( |6.22| ) 
and ( |6T23[) are invertible the conditions for \s)\ and \s)2 to be singlet states are ct ^ 
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and (3 1 7^ respectively. These conditions are exactly the same as the ones we had in the 
abelian case, as well as those which were required for |s)i and \s)2 to be inner product 
states. 

We are now in principle able to calculate the coBRST charge in the same way as we 
did for the abelian models. However, since this requires us to diagonalize the "oscillators" 
( |6.19D and ( |6.20| ) which is quite cumbersome, we shall not do that here (see below, how- 
ever). Instead we shall just demonstrate that a coBRST charge of the same form as we 
had in the abelian case i.e. 

*Q = X (rC a x a - \v a v a ^ (6.24) 

will leave the singlet states Q6.3j ) invariant under the expected conditions. (Below it will 
be proved that ( |6.24|) actually is an appropriate coBRST charge.) To this end let us define 
*Q' and *Q" by 

*Q' = e- a ' Kl *Qe a ' Kl = 

= A (r (C a ~ ia'(M- l ) b a (-ia'v)V b ) f a (x,ia'v) - \v a v a ^j 
*Q" = e -P'K 2 * Qe f3'K 2 = 

= A (rC a x a - X - (V a v a + i/3'V a x a - if3'C b M b a {x)v a + (3' 2 C b M b a (x)x a )"j (6.25) 
We have then by means of the properties M a b (0) = 5%, f a (0,y) = y a , and ([0]) 
*Q\s)i = e a ' K ' *Q'\cf>)i = e a ' Kl A [ra' 2 V a v a - -V a v a ^ |0> x 
*Q\ S ) 2 = e P' K * *Q"\cf>) 2 = e P' K *\ [rC a x a - \fC a x a ^ |0> 2 (6.26) 

Hence, we have 

*Q\s} 1 = *Q\s} 2 = (6.27) 
provided r = ±l/a' and r = ±f3' respectively. 

Remarkably enough there exists a simple abelianization of the BRST charge (|6.1|) 



which allows us to make use of all results of our analysis of abelian models also for the 
nonabelian models considered here. This abelianization is performed by means of x a as 
canonical coordinates on the group manifold and the matrix M a b (x) as follows: According 
to ( |C.6| ) in appendix C we may define hermitian conjugate momenta to x a by 

p a = (M~ l ) b a (x)9 b + i^(M- l ) b a {x)d c M c b (x) (6.28) 

We have then 

9 a = l - (p b M b a {x) + M b a (x) Pb ) (6.29) 

Consider furthermore a unitary transformation which only affects r/ a , Va, and p a , and 
which is of the following form 

C a = M a b (x)C b , V a = (M- l ) h a {x)V b 

Pa=Pa + i\d a M b c {x){M~ l ) d b {C c V d - V d C c ) (6.30) 
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If one inserts ( 6.29 ) into ( |6.1|) and replaces C a , V a , and p a by C a , V a , and p a using ( I6.3 1 
then one finds 



Q = C a p a + 7T a P° 



(6.31) 



which is the BRST charge ( |2.1[) for an abelian model. (A similar abelianization of clas- 
sical Yang-Mills was considered in p7|.) In this way we may now apply all our results 



obtained for abelian models to the general nonabelian model (O). We have, thus, the 
representation ( |3.1| ) for the singlet states, i.e. 

(6.32) 



\s)i = e^\<l>)i, 1 = 1,2 

where the gauge fixing fermion ip is given by 

V> = aV a v a + (3C a x a = a(M- 1 ) b a (x)V b v a + (3C a x a 

and where \<j>)i satisfies ( |2.6| ) i.e. 

£»i = C»i = C o |0)i = 7r a |<A)i = 
W a |0) 2 = P a |0> 2 = P a \4>) 2 = Pa\0h = 



(6.33) 



(6.34) 



Since M a b is an invertible matrix operator one may easily show that the conditions ( |6.34| ) 
are equivalent to (|6.6|). From our analysis of abelian models we have now that if K 2 is 



defined by ( 6.10 ) and 



K x = [Q,V a M a b (x)v% K 3 = i-[K u K 2 ] 



(6.35) 



then Ki will satisfy the SL(2, R) algebra ( 3.14 ) exactly which was not the case above. The 
properties ( |6.13 ), ( 6.1E| )-( [6.17D are then easily verified. This means that ( p. 32 ) are singlet 
states under exactly the same conditions on a and (3 in fl6.33j ) as (^) are singlets for a 
and (3 in (|6.^). From section 5 we obtain the coBRST charge of the general form ( 5.16j ), 
i.e. 



Q = X I rC a T\x h - -V a T\v° \ + C a L\v b + V a L\x 



1 



0, „,b 



1 nfi 



- a „6 



(6.36) 



In particular with T a b = M a b (x) and L a b = ( |6.36| ) reduces exactly to (6.24) since 
M a b (x)x b = x a . Thus, we have showed that (|6.24[) is a coBRST charge. Notice that we 
equally well may choose (T a b = 5 b , L a b = 0) 



Q = A rC a x a - -V a {M- 



- l )\v h 



(6.37) 



In fact, the states ( |3.32 ) are invariant under ( |6.37 ) if r = ±l/a' and r = ±/3' respectively, 
where a' and are given by ( |6.16| ) and ( |6.17D where a and (5 now are those in ( |6.33| ). 



7 Summary and conclusions 

In this paper we have considered gauge fixing and coBRST invariance of both abelian 
and nonabelian gauge theories. The gauge theories were given in standard BFV-form 
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and quantized on a state space V with a nondegenerate inner product (u\v). This inner 
product of V was required to be a linear form on a Hilbert space which means that V 



is a Krein space (l^, 11]. This is a property which always allows us to define a coBRST 
charge. The metric operator rj that relates V with a Hilbert space is expressed in terms of 
the indefinite oscillators in the theory and has the property rj 2 = 1. The coBRST charge 
*Q is defined in terms of rj and the nilpotent BRST charge Q by *Q = r/Qrj. The BRST 
singlets, |s), the states that represent the true physical degrees of freedom and which 
constitute a representation of the BRST cohomology (|s) G KerQ/ImQ) are determined 
by the conditions 

Q\s)= *Q\s)=0 (7.1) 

or equivalently 

A|s) = 0, A = [Q,*Q]. (7.2) 

The questions we have tried to answer in this paper are the following ones: What is the 
general BFV-form of the coBRST charge *Q and what is the general form of the gauge 
fixing fermions ip in the representations of BRST singlets found in |l|], i.e. \s) = e^'^\(f>) 
where \<j)) is a simple BRST invariant state? The answers to these two questions turned 
out to be interrelated since we have found that ip may be chosen to be equal to a coBRST 
charge. Below we summarize our results and discuss their implications. 

For the abelian models introduced in section 2 {Q = C a p a + P a 7T a ) we found in section 
4 that the singlet states are determined by 

<f> a \s) = P a \s) = k a \s) =e\s) =0 (7.3) 

or 

ti\s) = p%) = kt\s)=^\s)=0 (7.4) 

where 

<Pa = -^(p a + irTTa), C = ^(^° " 

p a = A_ {c a + i lp a)j ka ^_L {Va+lr C a) (7.5) 

where in turn r is a real constant different from zero. Notice that the solutions of (|7T 



and (7^) constitute two different representations. Which one is realized depends on the 
choice of the original state space V. A given V will only allow for solutions of one of 
these conditions. One may notice that the two solutions correspond to solutions of (|7.3j ) 
for opposite signs of r in ( [7.5[ ). Solutions of ( |7.3[ ) for different r's but with the same 
signs are unitarily equivalent. We have \s)[ = C/(7)|s); where 7 is a real constant and 
where ^(7) = U\ (7)^/4(7) or ^(7) = ^2(7)^3(7) where in turn the unitary operators 
Ui, Uii U3, Ui are defined in appendix B. \s)' satisfies then the same conditions as \s) 
with r replaced by re 7 . 

In section 5 we determined the general form of the coBRST charge for the abelian 
models of section 2. The metric operator r] was then expressed in terms of the indefinite 
oscillators in the theory which were identified by a diagonalization of the oscillators in 
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([7. -Sj). We found then that *Q is not uniquely defined since r\ may be defined in several 
different ways even for one given r simply since the diagonalization of ( |7.5| ) is not unique. 
*Q for different signs of r's are related by *Q^> —* Q, and *Q for different r's but with 
the same signs are related by a unitary transformation of the form mentioned above. A 
simple form of *Q in terms of the original variables given in section 2 was found to be 

*Q = A (rC a x a - -V a v a ) (7.6) 



r 

where A is a real positive constant. 

For the nonabelian models treated in section 6 we found essentially the same results. 



It is remarkable that although the oscillators in (7.5) then are nonlinear in the original 
variables the coBRST charge may still be of the same form as for abelian models. The 
general forms of coBRST found in section 4 suggests that the general BFV form of the 
coBRST charge is 

*Q = C aX a - V a A a (7.7) 

where x a an d A a are gauge fixing conditions to the gauge generators and the conjugate 
momenta to the Lagrange multipliers respectively. In fact, they must be related to the 
natural gauge fixing variables x a and the Lagrange multipliers v a by positive matrices. 



However, since the coBRST charge is nilpotent the form ( \l .% requires the gauge conditions 
X a and A a to be abelian. The most general nilpotent coBRST charge will allow for gauge 
conditions which are in involution. However, in this case there are nonlinear terms in the 



ghosts on the right-hand side of ( |7.7| ) (cf the construction of a nilpotent BRST charge 

§!)• 

We have investigated the properties of the representations 

\s)i = e^\^ h 1 = 1,2 (7.8) 
for the singlet states found in |l|] in the case when the gauge fixing fermion tp has the form 

ip = aV a v a + f3C a x a (7.9) 
where a and (3 are real constants, and when \cj))i is chosen to satisfy the conditions in (|2.6|) 



or ( 6.1Sj ). We have then found that (see appendices A and C) 

| s)l = e-W^I^ | S ) 2 = e /W^ )2 (7 . 10) 



where 



for a/3 > and 



a' = a 



tan y/af3 , tan ^a(5 



p, = P^V~H (7 _ n) 



fa/3 \fa(3 



a = a 



tanh \J— a(3 , tanh y 7 — a/3 



/3' = /3 (7.12) 



y/—aj3 ' \J— aft 



for a/3 < 0. (The limit a/3 — > yields a' = a and j3' = (3.) For abelian models it follows then 
from ref.0 that and \s)2 are inner product states if a' and (5 1 are finite and non-zero 
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which in turn requires a/0 and (5 J^ respectively together with yja.fi =J nir/2 for any 
positive integer n. Exactly under these conditions \s)\ and \s) 2 are also singlet states. In 
fact, \s)\ and \s) 2 satisfy the singlet conditions ( |7.3|) if r = 1/a' and r = —fi' respectively. 
The results ( 7.10| ) shows that there are many formally different representations (7.8) which 



really are equal {i.e. many different a and fi in (7J)) lead to the same a' and in ( fHoD ) 



Notice that both \s) \ and \ s)2 in ( 7.10| ) cannot satisfy the singlet conditions ( |7,3| ) for a given 



r since this requires r = 1/a 1 and r = —fi 1 which implies a 1 fi 1 = — 1 which has no solution. 
However, both \s)\ and \s) 2 can be coBRST invariant under the same coBRST charge. 



Invariance under (7J3) for a given r requires afi > and tana/3 = 1 i.e. r = ±yj fi/a. 
(These conditions follow from the fact that r = ±l/c/ and r = ±/3' allow for a 1 fi' = 1.) 
Essentially the same results were also found for the nonabelian models in section 6. 

There are certainly still more involved forms for the gauge fixing fermions if than 
( f7.S| ) which are allowed in ( |7.8j ). For the simple abelian theory we could e.g. consider 
if = V a T ab v b + C a S ab x b where T ab and S ab are real, invertible matrices. The analysis 



of this case is much more involved than the one of (7J3). One may notice that such a 
if is allowed for either T ab = or S ab = 0. Furthermore, if T ab and S ab are symmetric 
and commuting one may prove that the representation (|7.8| ) is a singlet state up similar 
conditions to the ones we have for (|7.9| ) using exactly the same analysis we have used for 
([7,9|). An example of such a gauge fixing is also considered for the nonabelian models in 
section 6. This suggests that even a gauge fixing fermion of the general BFV form (see 
e.g. H|]), i.e. if = C a x a + V a ^ a in representations like ( |7.8[ ) do in fact yield singlet states. 

One of the important results of our paper is that the coBRST charge is of the form of 
an allowed gauge fixing fermion. We may therefore replace if by a *Q in the representation 
(|f^) in which case we have 

|s>, = eW'*«]|0), = e A |0>,, 1 = 1,2 (7.13) 

Both for the abelian and nonabelian models our results show that the choice ( |7.6|) of the 
coBRST charge always makes ( 7.13j ) a singlet state with a finite norm. However, one may 



notice that this singlet state is not coBRST invariant under the same *Q since \(f)i is 
never coBRST invariant by itself (*Q commutes with A). On the other hand, (| 5)2) 
in ( |7.13D is coBRST invariant under a different coBRST charge, *Q', obtained by the 
replacement r — > ± r/(tanh A) (r — > ± rtanh A) in *Q. Now *Q' and *Q are related by a 
unitary transformation involving a unitary operator of the last form in flB.8| ). This means 
that there are always unitary operators such that the singlet states 

| s )/ = tf (J)e N,-Q]| 0)jj l = h2 {7U) 

are invariant under *Q. Um and Um) may e.g. be chosen to be U\{ , y)U^{ , y) in appendix 
B with 7 = ln(tanh7) and 7 = — ln(tanh7) respectively. 



A further intriguing feature of the representation ( |7.8j ) was discovered in sections 3 
and 6. In the abelian case with ( |7.8| ) written as (see ( |3,11| )) 

\ s)l = e aK 1+ 0K 2l(j))h l = 12 (?15) 

where K x = [Q,V a v a ] and K 2 = [Q,C a x a ], we found that K 1} K 2 and K 3 = i[K 1 ,K 2 ]/2 
satisfy an SL(2, R) algebra. This was also shown to be the case for the nonabelian models 
in section 6 for appropriate definitions of K\ and K 2 . Although this was not true for 
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the most natural generalization of K\ and K% even these operators were shown to satisfy 
effectively an SL(2,R) algebra, i.e. they satisfy an SL(2,R) algebra on the states | </>)/. 
Consequently the factor e^'^ may be viewed as a group transformation belonging to a 
one-dimensional subgroup of SL(2, R). When a and have the same signs it belongs to a 
compact subgroup while opposite signs of a and makes it belong to a noncompact one. 
These two possibilities are quite different. In fact, there is a strong argument against the 
first possibility. One may notice that the connection between the representation ( [7.8j ) and 
the gauge fixing in the conventional BFV theory requires us in fact to identify our [Q, ip] 
with tH where H is a Hamiltonian operator given by [Q, ip'] |J. The proper identification 
of ip and ip' is therefore ip = tip'. The replacement of a, /3 by ta, t(3 in (|7.9|) leads then to 

C frTiol) with 



for a/3 > and 



, tan (\t\J~aB) „, „ tan (\t\Ja~B) 

a' = a -^=— -signi, = (3 vl iJl M; signt (7.16) 

V a/3 yap) 



. tanh (Itlv/— a/3) . ^ „ tanh (|t|\/ — a P) ■ 
a' = a v Li}_ ^ signt, /?' = /3 VMV ^ Slgnt 7>17 

y— cup y—aps 



for a/3 < 0. Thus, if a and /3 have the same sign, |s)i and (5)2 in ( 7. 10| ) will be badly defined 
for infinitely many instants, t = nir / {2^a(5) where n is an integer, while opposite signs 
of a and (5 makes t = the only badly defined instant. Remarkably enough the coBRST 
charge ([7l]) belongs to the latter category and is therefore a good gauge fixing fermion 
even in this more restricted sense. In fact, our analysis indicates that any noncompact 
gauge choice (a/3 < 0) may be represented by a coBRST charge. 

From our results in sections 5 and 6 it is also possible to make use of a more general 
*Q than (|7.6| ) in ( [7.13 ). In the general case the form (|7.7|) should be relevant as a gauge 



fixing fermion provided the gauge fixing variables x a an d A a are abelian. This form of ip 
we have in e.g. QED and Yang-Mills. One may notice that essentially only abelian gauge 
fixing has been used in the literature so far. (This is e.g. required in the proof of gauge 
invariance given in jOj].) It would certainly be interesting to understand what possible 
role the nonlinear terms in the coBRST charge *Q for nonabelian gauge fixing can possibly 
play when *Q is viewed as a gauge fixing fermion. Anyway, apart from this question mark, 
our results suggest that the coBRST charge *Q is always a good gauge fixing fermion and 
a candidate for a natural choice of ip. 

We end with a comment on the difference between coBRST and antiBRST. These 
two concepts are often confused in the literature. Like the coBRST charge (*Q) also the 
antiBRST charge (Q) has ghost number minus one and is nilpotent. However, contrary 
to the coBRST charge the antiBRST charge anticommutes with the BRST charge and is 
a symmetry of the model. For the simple abelian model in section 2 the antiBRST charge 
is given by j20, ^] 



Q = Pa C a - V a 7r a = [Q, V a C a ] (7.18) 
In this case the coBRST charge (O) may be expressed in terms of Q as follows 

*Q = i[Q,S] (7.19) 
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where 



S = - (rx a x a + -v a v a 
2 V r 



(7.20) 



The form (|7.19| ) of *Q is also the form of a gauge fixing fermion in antiBRST invariant 
theories (cf. p|). 



There are also other charges in the literature which have ghost number minus one 
and which are nilpotent. The proposal of coBRST in |l] for the abelian model was Q' = 

~, M a Q' is defined 



In |22 



CaV a + V a x a which differs from ( |7.8[) (it yields zero on \cf. 
by exchanging all ghosts with their conjugate momenta which implies Q' = p a V a + C a 7T a 
for the abelian model. (This Q' was called antiBRST in [23] and coBRST in |24}| .) 
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Appendix A 

Proof of eq.( |37T^ ) 



Making use of formulas (B.20)-(B.30) in appendix B of ref.[16] we find the following 
equalities 



e ai4-i+/3^ 2 _ e lK 2e SK lel K 2 _ e J 'Ki e S> 'K 2 g 7 ' 

where the parameters 7, S, 7' and 5' are given by 

A/"/? 1 / n c OL . , 

7 = tan —yap, = — n sm yap 

a 2 yap 

, y^aP 1 . 

7 = — -—tan -yap, = — = smy ap 
p 2 v a P 



cos \faj5 = 1 — ^7 = 1 — £'7' 
for a(3 > 0. For a/3 < we have the same relations with the replacement 
By means of and 

^ 2 |0)i = #i|0> 2 = # 3 |0}l = ^s|0) 2 = 

we get therefore 

00 yi^m 



= e aKl+/3Jf2 |0)i = e^ K2 e SKl \(t>)i 



s)2 = e 



aK 1 +f3K 2 \i\ _ 'y'K 1 5'K 2 \j,\ < r/fi/mi 



;2 = c 



E 

m= 
00 

E 

n,m=0 



n\m\ 



K^KT\4>)i, 



n,m=0 

00 'ns'm 



■ 1 A 1 A 2 
n!m! 



It is easily seen from the algebra (|3.14j ) that 

[KuK$] = -1inK%- x K-z + n(n - 1)K%~ 1 , 
[K 2 , K?] = 2inK 1 {~ l Kz + n(n - l)^ 1 

Hence, due to ( |A.3[ ) we have 

tf 2 iW>i = - l)^rV)i> ^1^2 I0>2 = n(n - l)Kf x \ 
which implies 

K™Ki\(j>)\ = n{n - l) 2 (n - 2) 2 • • • (n - m + l) 2 (n - m)-Kj 
^^10)2 = n(n - l) 2 (n - 2) 2 • • • (n - m + l) 2 (n - m)K^ m \^) 2 

When this is inserted into ( |A.4[ ) we find therefore 

5 



l) 



s/i = exp 



#1 |s)2 = exp 



i-<5y 



where 



a 



1 — ^7 sfafi 



tan yaf3, 



6' 



6 



1 - «5Y 



tan ya/3 



(A.l) 



(A.2) 



(A.3) 



(A.4) 



(A.5) 
(A.6) 

(A.7) 
(A.8) 
(A.9) 
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Appendix B 



Some unitary symmetries. 

Let us introduce the following unitary operators for the abelian model introduced in sec- 
tion 2 

£/i(7) = exp{i^(p a x a + x a p a )}, U 2 {j) = exp {i^(ir a v a + v a ir a )} 

U ?J {l) = e W {^(C a V a - V a C a )}, 1/4(7) = exp{ 7 i(C a P a - V a C a )} (B.l) 

where 7 is a real constant. These operators act as scaling operators on the original 
variables. The nontrivial transformations are 

tfifrJaWffr) = eV, UiirfiPaUlti) = e^Va 

U2{l)v a u\{i) = eV 1 , U 2 ( 7 )7r a Ul( 7 ) = e-^ a 

U 3 ( 7 )C a ul^) = e^C a , UzWVaUlirt) = e" 7 ^a 

U^CaUl^) = e^C a , U^)P a ul( 7 ) = e^P a (B.2) 



Consider then the representation 



(B.3) 



where satisfies the properties of \<j))i or \<f))i in ( |2.6| ). Under the unitary transformations 
(|Q|) they satisfy (a = 1, 2, . . . , n) 

E7i(t)I$i = e"H$i, 172(7)10)! = el^|0)! 

^3(7)l0)i = e^|0)i, C/ 4 (7)l0)i = ^" 7 |0}i 

C/i( 7 )|0) 2 = eH<A>2, C/ 2 ( 7 )|0) 2 = e"H0>2 

^(7)1^2 = 6-^10)2, ^4(7)10)2 = e"^|0) 2 (B.4) 

which is another sign of the fact that \4>) is not an inner product state. We notice now 
that the following combinations of the unitary operators (B.l) leave the BRST charge 
( |2.1| ) invariant: 

^l(7)^3(7), ^2(7)^(7), ^1(7)^2(7)^3(7)^(7) 
^(7)^(7)^/3(7)^4(7) (B.5) 

and the following combinations scale Q: 

Ux(y)U 2 (y), ^(7)^4(7), ^(7)^4(7), ^2(7)^(7) 
^1(7)^2(7)^(7)^4(7) (B.6) 

(The first four combinations yield Q^e~^Q and the last Q— >e^ 2 ^Q.) All combinations 
in QB.5| ) and ( |B.6| ) yield unity on \(f>) for any of the two sets of conditions in ( |2.6| ). 

Let now U be any of the combinations in ( jB.5| ) and ( |B.6| ). We find then for the 
representation (|B.3|) with ip = aV a v a + /3C a x a : 

JJ\s) = e [Q ^\4>) (B.7) 
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where 



V/ = V for 17 = 171(7)^2(7), 173(7)^1(7) 

^ = ae-~<V a v a + (3e'C a x a for U = U x (7)1/4(7), ^(7)^(7) (B.8) 

Notice that the generator of U% (7) ^4(7) (^1(7) ^2(7)) is the ghost number operator when 
we have fermionic (bosonic) ghosts. \s) is invariant under these combinations since \s) has 
ghost number zero. 

For the nonabelian models of section 6 we still have that £^2(7)^/4(7) leaves the 
BRST charge (^TTJ) invariant, and that ul(-f)U 4 (j) and ^2(7)^3(7) scale it (Q-^e^Q). 
Thus, dR|) is still valid with V' = ip for £7$ (7)^4 (7) and V' = ae~^V a v a + (3e^C a x a 
for \j\ (7) Us(j). Notice that the ghost number operator is also here the generator of 

^3(7)^(7)- 



Appendix C 

Some properties used in section 6. 

In section 6 the gauge fixing variables x a satisfy 

[x a ,x b }=0, [x a ,0 b ]=iM a b (C.l) 

where M a b is an invertible matrix operator. If x a are chosen to be canonical group coor- 
dinates then M a b depends only on x a and satisfies the equations 

(d d M c a )M d b - (d d M c b )M d a = U ab d M c d (C.2) 

where the derivatives are with respect to x a . These are the equations for the vielbeins of 
the group. The solution may be obtained as a power series in x a . To the first orders we 
have 

Mt= St + \xJ b ?x c + ±- 2 XJ b d x XJ d ^x^- 

—UgU^U^U^iPi?*** + 0(x 6 ) (C.3) 

The inverse of M is of the particularly simple form: 

(M-y, = 5 a b - ±U bc a x c + ^U^U&a^a** - 
1 

-^U be ^U di ilU d2 ^xV + 

+ ^U be ^UjlUJlU d3 a e4 x^x^x^ + 0(x 5 ) (C.4) 
In terms of this M a b the hermitian gauge generators a may be represented as 

9 a = ±(p b M b a + M b aPb ) (C.5) 
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where p a are hermitian conjugate momenta to x a . From (C.l) and (|C.5| ) we have 



Pa 



1 



(M-')\6 b + i-{M-'f a d c M c b , [x a , Pb ] = iS a b 



Notice that ( |C.2| ) implies [9 a ,0 b ] = iU ab c c . Another property of M\ is 

(M~ 



M\x b 



- 1 ) a b x b = x a 



(C.6) 



(C.7) 



Proof of (|67T4|) : 

Using the form ( |6.10| ) of K\ and K% as well as the definition (6.11) of K 3 we have 



[K 2 , K 3 ] = -m a M\x b + C a M\M\C c + iC a C b x c [9 b , M a c ] (C.8) 
where we have made use of the general Jacobi identities ( |6.5| ). Now from (C.7) and 

M\ = i[9 b , M a c ]x c + M a c M c b (C.9) 
which follows from ( p.7|) (use [0;,, M a c x c — x a ] = 0) we find 

[^ 2 ,K 3 ]=iK 2 (CIO) 



Similarly we find straight-forwardly 

[K 1 ,K 3 } = i(e a + ef) (M a b + l -u t 



> cb a x c )v b -V a [M% + ^U cb a x c )v D + 



+~7r a [9 d , M\}v b v d + V a C b v c {^-U cd a M d b - i[9 b , M a c ]^j + 
+dc a P b v c Q9 b , M a c ] + [9 C , M\\) - ^C a C b v c v d [9 b , [9 d , M a 



where we have made use of the general Jacobi identities ( 6.12| ) and 

U db e [9 e: M a c ] = i[9 b , [9 d , M\}] - i[9 d , [9 b , M a c ]] 



(C.ll) 



(C.12) 



We notice now that if x a are chosen as canonical coordinates on the group manifold then 
we have 

M\ + \f cb a x<\ 10)! = ([9 b ,M a b ] + [9 C ,M%]) \^ = (C.13) 



and 



-iK 



1 mi 



This proves eq.( |6.14 )» 

Eq.( |C.lC| ) is easily seen to imply 

[K U K^] = -2inK%~ l K 3 + n(n - lJJCj -1 

Hence, we have 



(C.14) 



n-li 



(C.15) 
(C.16) 
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We also expect 

K 2 K^\4>) X = n(n - 1)^^)1 (C.17) 



This requires apart from ( C.14 ) also 



[Kt, [KuKdM)! = [K U [K u [K u K^]]]\4>)l = ■ ■ ■ = (C.18) 



This we have checked to lowest order and the structure of flC.ll ) seems to make it true 



for any order. However, we have no rigorous proof. Anyway we feel rather confident that 
( p.171) is valid for any n. Eqs. ( C.16| ) and QC.17 ) imply (A. 7) and the formulas ( |A.8j) i n 



appendix A. (Notice that the formulas (|A.l ) were not necessary for the derivation of ( |A.8j ). 



They only provided for a convenient way to obtain the nice expressions of the coefficients 
in the expansions (|A.4|) .) 
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